We propose a scheme to realize the two-axis counter-twisting spin-squeezing Hamiltonian inside an optical cavity with the aid of phase-locked atom-photon coupling. By careful analysis and extensive simulation, we demonstrate that our scheme is robust against dissipation caused by cavity loss and atomic spontaneous emission, and it can achieve significantly higher squeezing than oneaxis twisting. We further show how our idea can be extended to generate two-mode spin-squeezed states in two coupled cavities. Due to its easy implementation and high tunability, our scheme is experimentally realizable with current technologies. [23] [24] [25] [26] [27] [28] [29] . To the best of our knowledge, all experiments to date focus on OAT spin-squeezing, whereas TACT spinsqueezed states have not been realized in experiments yet.
Introduction. -Since the early work of Kitagawa and Ueda [1] and others [2, 3] , spin-squeezed states have attracted much interest due to their close relations with quantum information processing [4] [5] [6] [7] [8] [9] and precision metrology [1, 2, [10] [11] [12] . In the original work of Kitagawa and Ueda [1] , two mechanisms, namely one-axis twisting (OAT) and two-axis counter-twisting (TACT), were proposed to generate spin-squeezed states. Preparation of such novel states has been the subject of many studies in various physical setups such as feedback systems [13] , Bose-Einstein condensates (BEC) [8, 12, [14] [15] [16] [17] [18] [19] [20] [21] , Rydberg lattice clocks [22] , and atomic systems in cavities [23] [24] [25] [26] [27] [28] [29] . To the best of our knowledge, all experiments to date focus on OAT spin-squeezing, whereas TACT spinsqueezed states have not been realized in experiments yet.
In quantum metrology, it is theoretically demonstrated [1, 2] that TACT states are fundamentally superior to OAT states because measurement systems based on them can approach the Heisenberg limit in which the precision of the measurement scales with 1/N , N being the number of particles in the system. In contrast, the precision allowed by OAT states scales with 1/N 2/3 . Hence, it remains a very important task to generate and exploit TACT spin-squeezed states using methods and techniques within the reach of current technologies. There have been a few theoretical proposals such as converting OAT into effective TACT [17] [18] [19] , implementing TACT with molecular states [6, 20] , utilizing ultracold atoms in two cavities [28] , employing feedbacks in the measurement system [13] , and using toroidal BECs [21] . Nevertheless, due to the demanding experimental requirements of these schemes, it remains experimentally challenging to generate TACT spin-squeezed states.
In this work, we propose a scheme to realize a TACT Hamiltonian in a cavity-atom system. Our proposal relies on phase-locked coupling between atoms and photons only. Since both the atoms and cavity modes are only virtually excited, it has the important advantage of being largely immune to atomic and cavity dissipation. Further, our scheme can be easily generalized to generate two-mode spin-squeezed (TMSS) states by coupling two cavities, which can be used to estimate two observables simultaneously even when they do not commute. They are widely used in many quantum applications such as entanglement demonstration [38, 39] , quantum teleportation [40] , and quantum metrology [41] . Considering the rapid advance in cavity technology including the availability of high-finesse optical cavities and strong cavityatom coupling [31] [32] [33] [34] [35] [36] [37] , our proposal can be realized with no fundamental difficulty. Effective Hamiltonian. -We start by considering an ensemble of N four-level atoms in an optical cavity coupled to a single cavity mode and external laser fields. The explicit level configuration is illustrated in Fig.1 , where g 1 and g 2 are the cavity-atom coupling strengths driving the atomic transitions |1 ↔ |3 and |2 ↔ |4 , Ω 1,2 and Ω 1,2 are Rabi frequencies of the external laser fields, and ∆ 1,2 , δ 1,2 and γ 1,2 are detunings. To realize the desired TACT interaction, we also assume a fixed relative phase of π/2 (−π/2) between Ω 1 (Ω 2 ) and Ω 1 ( Ω 2 ) [42, 43] . The Hamiltonian reads
where a † (a) is the creation (annihilation) operator of the cavity mode, ±ϕ and ±(ϕ− π 2 ) are the phases of the external laser fields, and the detunings are defined as ∆ 1 (2) 
and ω c being the frequencies of the driving lasers and the cavity mode. The rotating wave approximation was used to derive the Hamiltonian in Eq.(1) in the rotating frame defined by
2 ). To simplify our discussion, here and in the following, we assume δ = δ 1 = δ 2 , γ = γ 1 = γ 2 , and set ϕ = 0. For large , and Ω2e
) are associated with four phase-locked driving lasers. g1,2 is the coupling strength between the atom and the cavity mode. ∆1,2, δ1,2 and γ1,2 are detunings.
detunings with
all the high energy levels can be adiabatically eliminated, leading to the following effective Hamiltonian involving only the two lowest states and the cavity mode,
Here the collective atomic spin operators are defined as
The explicit expressions for the coefficients c z , c ′ z , A, and B can be found in the Supplementary Material [44] .
If we further assume that the effective couplings in Eq.(3) are much weaker than the detunings, i.e.,
the cavity mode is virtually excited only and can be adiabatically eliminated too. We then obtain the following effective Hamiltonian
with c x = 4γ [44] . This is the celebrated Lipkin-Meshkov-Glick (LMG) model [2] . When c z = 0 and c x = c y = χ, it reduces to the standard TACT Hamiltonian in [1] . Experimentally, all coefficients c x,y,z can be controlled by adjusting the Rabi frequencies of the driving lasers. If necessary, c z can also be compensated by an external magnetic field [48] .
To characterize the degree of spin-squeezing, we introduce the parameter [1, 2] 
Here S = N/2 with S = (S x , S y , S z ) the total spin operator, and (∆S ⊥ )
min is the minimum spin fluctuation in the direction perpendicular to the average spin S . A state is a spin coherent state (spin-squeezed state) if ξ 2 = 1 (ξ 2 < 1) [1] . Numerical Simulation. -In order to check the validity of our approximations, we numerically simulate the system evolution under the effective Hamiltonian in Eq. (5) and the original Hamiltonian in Eq. (1) and compare the results. To fulfill the approximations, the explicit parameters are chosen as follows:
With these parameters, the effective model reduces to a standard TACT Hamiltonian with c z = 0 and χ = 5.69 × 10 4 s −1 . We also assume that initially the cavity is in the vacuum state and the atoms are all in the state |1 , which corresponds to a coherent spin state in the z direction. Shown in Fig.2 time dependences of the squeezing parameter ξ 2 and the overlap function F = | ψ(0)|ψ(t) | with the initial state of the system in the ideal case without cavity leakage (κ = 0) and atomic spontaneous decay (γ d = 0). The state evolution dictated by the effective TACT Hamiltonian in Eq.(5) agrees very well with that calculated directly from the original full Hamiltonian in Eq. (1), strong evidence that all approximations employed in our derivation are reasonable.
We note in Fig.3 (b) that, though the maximum achievable squeezing (i.e. the minimum ξ 2 ) increases with the number of atoms N [2, 17] , the time it takes to reach it increases with N too. This is because the nonlinear squeezing coefficients c x (c y ) in Eq.(5) must decrease with N in order to maintain the virtual excitation of the system as dictated by Eq.(4). Though virtual excitation reduces the influence of the dissipation, its eventual effect on squeezing must be carefully evaluated because of the longer squeezing time required to reach the optimal squeezing. For this purpose, we numerically solve the master equation [26, 49, 50] of the system
† , ρ is the density matrix, κ and γ ks are the cavity loss rate and atomic spontaneous decay rate, and
The results are shown in Fig.2(c,d) for N=8. It is seen that the squeezing is robust against dissipation and the maximum achievable squeezing is only slightly influenced by cavity loss and atomic spontaneous emission as strong as κ = γ d = 5 × 10 6 s −1 . Since we have confirmed the validity of the virtual excitation of the cavity mode in earlier simulations, we can adiabatically eliminate the cavity field from the full Master equation to increase the scale of our simulated system. This results in the following Master equation [26] that involves only the atomic spin degrees of freedom,
where
, and the explicit expressions for a z,± can be found in the Supplementary Material [44] . Using Eq. (8), we can numerically simulate larger systems with more atoms. In Fig.3(a) , we plot the maximum achievable squeezing in our system with strong dissipation, as well as the maximum squeezing attainable in an ideal OAT Hamiltonian with no dissipation. The results show that, even in the presence of strong dissipation, our system can achieve a higher degree of squeezing than what is possible with ideal OAT, and the advantage grows with the size of the system. In Fig.3(b) , we compare the maximum achievable squeezing of an ideal TACT Hamiltonian in Eq.(5) (c z = 0) with that of ideal OAT for larger system sizes on the order of 10 3 − 10 5 . A large advantage is observed with our scheme. For a system size of N = 10 5 atoms as in recent experiments [29, 30] , the ideal Hamiltonian Eq.(5) for our system can reach a squeezing of -47.4dB, significantly higher than current schemes based on OAT [8, 11, 12, 14, 27] with the same system size. Since the atomic decay time, estimated as 1/γ ef f with γ ef f ∼ [23, 25, 27] , can be longer than the time required to reach the optimal squeezing, t o = 1.58lnN/(3N χ) [17] , e.g., when N = 10 5 , using parameters in Fig.3(b) 10 5 ) ≈ 2.4ms, and the influence of cavity loss is much weaker than that of atoms' decay as illustrated in Fig.2(c) , a high degree of squeezing can be achieved. Two-mode spin-squeezed states. -Our scheme can be extended to generate TMSS states [38, 39, 51] using two cavities. Assuming a coupling between the two cavity modes, we have the following total Hamiltonian in the rotating frame,
where a † L,R (a L,R ) is the creation (annihilation) operator for the left and right cavity mode, J is the tunneling rate between the cavities, ∆ω = ω 
the effective Hamiltonian for the two-cavity system can then be written as [44] 
with χ = A TMSS state can be identified by checking that it satisfies the inequality ∆ ′ = (∆S
This criterion implies that fluctuations in nonlocal observables S − x and S + y can be suppressed at the same time. Thus it is possible to achieve higher measurement precisions for them simultaneously. When the to- Fig.4(a,b) is the time evolution of ∆ ′ (t). One can see that ∆ ′ is always zero when J = 0 as both cavities are decoupled in this case. When there is photon tunneling between the cavities and thus J = 0, ∆ ′ can become negative which signals the emergence of TMSS states. Comparing Fig.4(a) with Fig.4(b) , we note that the time it takes to reach ∆ ima only when ∆ ′ evolves back to zero. To explore the influence of the imbalance between S L and S R on the TMSS state, we fix S L and vary S R with the initial state |S L , S R . In Fig.5 , the numerical result shows that ∆ ′ min reaches the optimal value only when S L = S R , and increases as ∆S = |S L − S R | increases. The time it takes to reach ∆ ′ min , t o , also decreases with ∆S. In contrast to the balanced case, E(ρ L ) at t o is smaller than E(ρ L ) max /2, and it does not reach the maximum when ∆ ′ evolves back to zero, as shown in Fig.5(b) . Therefore, to obtain a TMSS state with lower ∆ ′ , it is helpful to prepare two cavities with equal total spins.
Experimental Consideration. -Experimentally, our model can be realized with an ensemble of 87 Rb atoms in optical cavities [25, 26] . Two hyperfine states |F = 1, m F = 1 and |F = 2, m F = 2 of the manifold 5S 1/2 can be used as the lower energy states |1 and |2 in Fig.  1 . Their energy splitting is 4.27 × 10 10 s −1 . Two other hyperfine states of the manifold 5P 1/2 with a splitting of 5.03 × 10 9 s −1 can be selected as the higher excited states |3 and |4 . This choice leads to a detuning of ∆ 1 − ∆ 2 = 3.77 × 10 10 s −1 . To implement the effective TACT Hamiltonian in Eq. (5) with c z = 0 and c x = c y , we have a total of ten adjustable parameters, namely ∆ 1,2 , Ω 1,2 , Ω 1,2 , δ 1,2 , and γ 1,2 . They need to satisfy the constraints ∆ 1 − ∆ 2 = 3.77 × 10 10 s −1 ,
γ , and several others listed in the Supplementary Material [44] . Since the number of these constraints is less than the number of adjustable parameters, both the TACT model and the LMG model can be achieved by adjusting the detunings and couplings.
Conclusion. -We have proposed a scheme to realize an effective TACT Hamiltonian in a cavity-atom interacting system via phase-locked atom-photon coupling. We proved that the approximations used in our derivation are justified and demonstrated that greater degrees of squeezing can be achieved in our system than existing schemes based on OAT. Furthermore, we generalized our ideas to a two-cavity system and showed how TMSS states can be realized. Because of the high tunability of our scheme, it is possible to access the full parameter ranges of the LMG model, enabling us to explore its rich physics [53] [54] [55] [56] [57] [58] .
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Due to the large detunings, higher energy states are hardly excited. We can then neglect all interaction terms involving |3 and |4 . This leads to the following Hamiltonian,
Under the following assumptions for the convenience of presentation,
the Hamiltonian (S2) is further simplified to
(
In deriving (S4), we have neglected a constant term
Initially, the cavity mode is in vacuum state, and it can only be virtually excited due to the large detuning condition. By adiabatically eliminating the cavity mode, we have the following effective Hamiltonian,
with c x = Similarly, by adiabatically eliminating the atomic excitation and cavity modes from the full master equation Eq.(7) [2] in the main text, an effective master equation involving only the spin degree of freedom can be derived as in the following
where The two cavities are coupled by inter-cavity photon tunneling [3, 4] . In the interaction picture, the total Hamiltonian reads
− Ja † L a R e i∆ωt + h.c.,
where ∆ω = ω 
we can derive the following effective Hamiltonian by keeping terms to third order in the effective Hamiltonian [1] ,
with χ = 
The constant term, χ[(S
, can be neglected. It should be emphasized that the signs of the coefficients of (S L,R z ) 2 must be opposite in order to generate TMSS states.
